The electrical and heat currents flowing through a quantum dot are calculated in the presence of a time-modulated gate voltage with the help of the out-of-equilibrium Green function technique. From the first harmonics of the currents, we extract the electrical and thermoelectrical trans-admittances and ac-conductances. Next, by a careful comparison of the ac-conductances with the finite-frequency electrical and mixed electrical-heat noises, we establish the fluctuation-dissipation relations linking these quantities, which are thus generalized out-of-equilibrium for a quantum system. It is shown that the electrical ac-conductance associated to the displacement current is directly linked to the electrical noise summed over reservoirs, whereas the relation between the thermoelectrical ac-conductance and the mixed noise contains an additional term proportional to the energy step that the electrons must overcome when traveling through the junction. A numerical study reveals however that a fluctuation-dissipation relation involving a single reservoir applies for both electrical and thermoelectrical ac-conductances when the frequency dominates over the other characteristic energies.
I. INTRODUCTION
The fluctuation-dissipation theorem (FDT) is a relation which states that the time-correlation function of an unperturbed system is equal to the response function of the perturbed system 1 . For example, in a conductor, the current fluctuations are directly related to the acconductance. This means that the response of the system to the action of an external force is closely connected to the way their eigenstates can fluctuate. If they can not, the system will not react to the perturbation. The FDT was first evidenced in electrical conductors by Johnson 2 and Nyquist 3 . It is often thought that the FDT applies only at equilibrium and for linear response but in reality its validity domain is wider. The FDT has been discussed far and wide for over sixty years [4] [5] [6] [7] and continues to be a pivotal issue, notably concerning its generalization to non-linear, non-equilibrium, non-perturbative, interacting, and nano-scale systems [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . In some other works, this relation is used to deduce the electrical ac-conductance from the calculation of noise without having to include ac-voltage in the calculation 22, 23 , and constitutes a useful ingredient in the theoretical studies of electrical time-dependent transport in quantum systems [24] [25] [26] [27] [28] [29] [30] , which are fully accessible experimentally [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . In the last years, these theoretical studies have been extended to the heat and thermoelectrical ac-transport in quantum systems [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] but no direct connection has been established until now between the thermoelectrical trans-admittance and the fluctuations mixing the electrical and heat currents in a quantum system. In this paper, using the out-of-equilibrium Keldysh Green function formalism, we perform a direct calculation of the time-dependent electrical and heat currents associated to a quantum dot (QD) submitted to an ac-gate voltage. Next, we derive the exact expressions of the electrical and thermoelectrical trans-admittances and ac-conductances, and compare them to the expressions of the electrical and mixed noises in order to establish whether the FDT is verified. This paper is organized as follows: the model and the formal expression of the electrical and heat currents are given in Sec. II. Sections III and IV present respectively the calculation of both currents for a time-independent and a time-dependent gate voltage. The expressions of the trans-admittance are given in Sec. V, and those of the ac-conductances in Sec. VI. The derivation of the FDT is exposed in Sec. VII, and we conclude in Sec. VIII.
II. MODEL
We consider a non-interacting QD with a single energy level, ε dot (t), which can be driven in time by a gate voltage, connected to left (L) and right (R) reservoirs (see Fig. 1 ). To describe this system, we use the Hamiltonian
where c † k (c k ) is the creation (annihilation) operator of one electron in the reservoirs, d
† (d) is the creation (annihilation) operator of one electron in the QD, ε k is the band energy of the reservoir, and V k is the transfer amplitude of one electron from the QD to the reservoirs and vice-versa. We set = e = 1 in all the intermediate results, and restore these constants in the final results. The electrical and heat current operators from the α reservoir to the central region through the α barrier are respectively defined asÎ 
where η = 0 gives the electrical current, and η = 1 gives the heat current. Their average values are thus given by
where
is the Keldysh Green function mixing c and d operators, which is equal to [53] [54] [55] [56] 
is the Keldysh Green function associated to the QD, and
is the Keldysh Green function associated to the disconnected reservoir, and g a k (t, t ′ ), its advanced counterpart. These two latter Green functions are given by
where Θ is the Heaviside function and f α , the FermiDirac distribution function of the electrons in the reservoir α. When we report Eqs. (6) (7) (8) in Eq. (5), we get
where Γ α = 2π|V | 2 ρ α in the wide band approximation (energy dependency is neglected in the reservoir density of states ρ α , and in the hopping amplitude V ≡ V k ). Thus, the knowledge of the dot Green function, G r,< dot , allows us to fully determine the time-dependent current. We have 55, 56 G r,a
with g r,a
Given a time-variation of the dot energy level ε dot (t), we have all the ingredients to calculate the time-dependent current. In the following, we first remind the expressions of the currents in the time-independent case, and next treat the case where the gate voltage is modulated in time.
III. STATIONARY ELECTRICAL AND HEAT CURRENTS
In the time-independent case, we have ε dot (t) = ε dc , which leads to g r,a
with Γ = (Γ L + Γ R )/2, and
which leads after calculation to
We remark that, as it should be in the time-independent case, the Green function at times t and t ′ depends of the time difference t − t ′ only. Inserting Eqs. (12) and (14) in Eq. (9), we get the Landauer formula for the electrical and heat currents
where α = R for α = L, and α = L for α = R.
is the transmission coefficient through the double barrier.
IV. TIME-MODULATED ELECTRICAL AND HEAT CURRENTS
When a gate-voltage modulated in time is applied, i.e., when ε dot (t) = ε dc + ε ac cos(ωt), the bare retarded and advanced Green functions of the QD defined as g r,a
Using the relation e ix sin(y) = ∞ n=−∞ J n (x)e iny , where J n is the Bessel function, we get for the retarded and advanced bare Green functions of the QD g r,a
and for the retarded and advanced Green functions of the QD
We calculate now the QD Keldysh Green function starting from Eq. (11), we insert the expressions of the retarded and advanced Green functions of Eq. (18), and we perform the double integration over time. We obtain
We now calculate the currents, given by Eq. (9), by reporting the expressions of the retarded Green function given by Eq. (18) and of the Keldysh Green function given by Eq. (19), and performing the integration over time, we get where f M (ε) = α=L,R f α (ε)/2 is the average distribution function over the two reservoirs, and where we have introduced the transmission amplitude defined as
For clarity, all the characteristic energies of the problem are summarized in Table 1 . To illustrate this result, we plot in Fig. 2 the timeevolution of the electrical and heat currents. When the potential profile through the junction is symmetrical, i.e., when ε dc = (µ L + µ R )/2, the left and right electrical cur-rents oscillate in phase around their time-independent values, given by Eq. (15) taking η = 0, which are of opposite sign since the averaged displacement electrical current 40 , Î 0 d (t) , equals to the sum of left and right currents, cancels in the stationary case due to charge conservation. In the presence of time-modulation, the displacement current is non-zero (see black curved lines in Fig. 2) . The left and right heat currents oscillate in phase opposition around the same stationary value, given by Eq. (15) taking η = 1, since the heat transferred from the left and right reservoirs to the QD is the same when the potential is symmetrical (indeed, the energy distances µ L −ε dc and ε dc − µ R are equal as depicted in the top left corner of Fig. 2 ). On the contrary, when the potential profile is non-symmetrical, i.e., when ε dc = (µ L + µ R )/2, we observe that the left and right electrical currents are out of phase. Moreover, the stationary heat currents from the left and right reservoirs are different in that case (dashed orange and purple straight lines): the left stationary heat current vanishes since the energy difference between the left reservoir and the QD is zero, whereas the stationary right heat current is almost unchanged in comparison to the symmetrical case. We observe also that the stationary electrical currents are half reduced due to the face that the energy barrier between the QD and the right reservoir is the double compared to the symmetrical case. For both symmetrical and non-symmetrical profiles, the amplitude of oscillations of the displacement heat current, Î 1 d (t) , is attenuated in comparison to the amplitude of the left and right heat currents. No such attenuation is observed for the displacement electrical current.
V. ELECTRICAL AND THERMOELECTRICAL TRANS-ADMITTANCES
From the expression of Î η α (t) given by Eq. (20), we deduce the trans-admittance
(ω)/dV ac , with V ac = ε ac /e, and I η(1) α (ω) the first harmonic of the current defined through the relation
To identify the N th harmonic of the current, I 
We assume at this stage that ε ac → 0, and we keep only the contributions proportional to ε ac / ω, since to get the trans-admittance we have to take the derivative of the first harmonic of the current, I
η (1) α (ω), according to ε ac . To get these contributions, we consider the Taylor expansion of the products of Bessel functions. Concerning the product J n J n∓1 , its Taylor expansion gives a contribution proportional to ε ac provided that one of the Bessel function index is equal to ±1 and the other is equal to 0. Concerning the product J n J n+p−q∓1 J p J q , it gives a contribution proportional to ε ac / ω provided that one of the Bessel function index is equal to ±1 and the others are equal to 0. Keeping only these contribution, we find that the trans-admittance reads as
. (23) This is the key result of this paper which is valid for any values of the source-drain voltage, temperature, frequency and coupling strength to the reservoirs. It will be used in the next section to deduce the ac-conductances. graph) and also out-of-equilibrium. In particular, we explain in the next section why the real parts of left and right electrical trans-admittances are equal each other when ε dc = eV /2, i.e. for symmetrical potential profile. The dashed red lines indicated the place where the left and right trans-admittances are opposite. This occurs for the thermoelectric trans-admittance but never for the electrical trans-admittance. The important point to notice at this stage is that Y η L (ω) and Y η R (ω) take distinct absolute values except in some particular situations which are: at equilibrium (as expected) and out-ofequilibrium on the blue and red dashed curved lines.
VI. ELECTRICAL AND THERMOELECTRICAL AC-CONDUCTANCES
The electrical ac-conductance, G 0 α (ω), is given by the real part of the trans-admittance Y 0 α (ω) associated to the electrical current. From Eq. (23), making the change of variable ε → ε − ω for terms involving the argument ε + ω, we get
The thermoelectrical ac-conductance, G 1 α (ω), is given by the real part of the trans-admittance Y 1 α (ω) associated to the heat current. From Eq. (23), making the change of variable ε → ε − ω for terms involving the argument ε + ω, we get
From Eqs. (24) and (25), it can be checked that the conductances G 0 α (ω) and G 1 α (ω) are both even function in frequency. In order to identify the conditions to get identical left and right ac-conductances, it is needed to calculate the following differences using Eq. (24)
and
Both differences cancel at equilibrium (small voltage V and large temperature T ) since in that case we have
cancels also out-of-equilibrium when the profile of the potential through the junction is perfectly symmetric. Indeed, Eq. (26) can be written alternatively using
The above difference vanishes when the electron-hole symmetry point is reached, here when ε dc = (µ L +µ R )/2, i.e, ε dc = eV /2 since we take µ R = 0, in full agreement with the two first upper graphs of Fig. 3 . In Fig. 4 , we plot the ac-conductances spectrum associated to the left and right parts of the junction for several dc-gate voltage values. We see that as expected from Fig. 3 and explained by Eq. (28), the left and right electrical ac-conductances coincide when the potential profile is symmetrical, whereas the left and right thermoelectrical ac-conductances take opposite values. The physical justification is the following: for a symmetrical potential profile, the energy differences are the same in absolute value but opposite in sign when the electrons flow from the QD to the left and right reservoirs (energy gain for one direction of propagation and energy loss for the other). 
VII. OUT-OF-EQUILIBRIUM FDT
To establish the FDT, we need to compare the expressions of the ac-conductances to the difference S 
with δÎ
The reason for considering the difference S η1η2 αβ (−ω) − S η2η1 βα (ω) is double: it allows to suppress the terms involving the product of two functions f α shifted with energy ω, which are not present in the conductances G 0 α (ω) and G 1 α (ω), and it allows at the same time to be fully consistent with the Kubo formula 1 .
Note that the noise depends on the reservoir indexes when the following conditions are all filled: non-zero frequency, energy dependent transmission coefficient and asymmetry of the potential profile across the system 58 . It was confirmed by two recent experiments on carbon nanotube quantum dot 59 and on tunnel junction 60 . We start with the comparison between the electrical ac-conductance, G 
and for the cross-correlator (α = β)
Comparing Eqs. (24) and (30), we show that the electrical ac-conductance and auto-correlator are related together through the exact relation
The additional contribution appearing in the second line of Eq. (32) is related to the cross-correlator given by Eq. (31) . Moreover, we notice that the sum of the left and right electrical ac-conductances calculated from Eq. (24) gives
which coincides exactly with the sum over reservoirs of the difference S 00 αβ (−ω) − S 00 βα (ω) through the relation
This result is a generalization of the FDT to on out-ofequilibrium situation. It is valid at any frequency, voltage, temperature and coupling strength between the QD and the reservoirs. The important point to underline here is the need to sum over reservoirs to get a simple relation between the ac-conductance and the noise. Indeed, an additional term is present when the sum over reservoirs is not taken (see in Eq. (32)). The justification for taking the sum over reservoirs is the following: since the time-modulation is applied to the gate-voltage which acts on the QD, i.e. on the central part of the junction, the relevant current here is the displacement current defined asÎ
. Thus, these are the fluctuations of the total current which is formally related to the total ac-conductance. It is important to underline that it is the double sum over the anti-symmetrized noises, i.e., the difference between the absorption noise and the emission noise: S 00 αβ (−ω)−S 00 βα (ω), which is related to the ac-conductance. Such a relation could not be obtained for symmetrized noise since in that case we would have on one hand, α,β [S (24)). Finally, we want to underline that even if the QD is placed in an out-of-equilibrium situation, the left and right reservoirs stay at equilibrium, this is very probably the reason why Eq. (34) is verified. At this stage, it is important to understand how the equilibrium limit (zero-voltage) can be reached from these results. In that limit, using the fact that f M (ε) = f α (ε) = f α (ε), the auto-correlator and the cross-correlator of Eqs. (30) and (31) simplify to
and the ac-conductance of Eq. (33) gives
All these three quantities gained the particularity to become independent of the reservoir index α, as expected at equilibrium, and are related through the relation
At high frequency, the FDT simplifies even more since we have S 
is the Bose-Einstein distribution function. This last relation corresponds to the standard FDT. 
The objective is to compare this expression to the sum of the left and right thermoelectric ac-conductances, calculated from Eq. (25) , and given by
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Comparing Eqs. (39) and (40), we get
The additional term is proportional to the energy that the electrons must overcome when they travel through the double barrier. At equilibrium, since we have f α (ε) = f α (ε), the above relation reduces to
Moreover, it can be shown that we have a KMS-type relation between positive frequency and negative frequency mixed noises:
which corresponds to a FDT between the sum over mixed noises to the total thermoelectrical ac-conductance. Outof-equilibrium, we have an additional term in the relation connecting the mixed noise and the thermoelectrical acconductance, which however vanishes at large frequency as shown in the next section.
C. Numerical comparison between ac-conductances and noises
We have seen in the previous subsections that the FDT holds out-of-equilibrium for the electrical ac-conductance provided that the sum over reservoirs is taken, but not for the thermoelectrical ac-conductance since an additional term is present. However, in some situations, the two thereafter relations are notwithstanding verified
To discuss that point, we plot in Fig. 5 the acconductances and the noises as a function of frequency assuming a symmetrical potential profile through the junction, for which we have shown in Fig. 4 that G (44) and (45) do not apply when these energies are of the same order of magnitude (compare the purple and blue curves and the green and red curves in the graphs on the right side of Fig. 5 ). On the contrary, when the frequency is the highest energy, all the graphs of Fig. 5 show the remarkable feature that Eqs. (44) and (45) are verified, since the purple and blue lines coincide in the upper graphs and the green and red lines coincide in the bottom graphs at high frequency. This allows to conclude that the FDT involving a single reservoir is verified for both electrical and thermoelectrical ac-conductances in that limit. For completeness, we want to underline that the results presented here are obtained in case of non-interacting QD, and could be altered in the presence of electron-phonon interaction 64 or electron-electron interaction 13 . 
VIII. CONCLUSION
The calculation of electrical and thermoelectrical acconductances associated to a QD and the comparison to finite-frequency noises have allowed to check whether the FDT holds out-of-equilibrium. We have established a generalized FDT for electrical ac-conductance which requires a summation over reservoirs, and we have shown that an additional term (which cancels at equilibrium) is present in the relation linking the thermoelectrical acconductance and the mixed noise. With the help of nu-merical calculation, we have shown that the standard FDT, i.e. without the sum over reservoirs, is indeed valid out-of-equilibrium for both electrical and thermoelectrical ac-conductances provided that the frequency is higher than the other characteristic energies of the system.
